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The equivalence of magnetic field line equations to a one-dimensional time-dependent 
Hamiltonian system is used to construct magnetic fields with arbitrary toroidal magnetic surfaces 
/ = const. For this purpose Hamiltonians H which together with their invariants satisfy 
periodicity constraints have to be known. The choice of H fixes the rotational transform rj(I). 
Arbitrary axisymmetric fields, and nonaxisymmetric fields with constant rj(I) are considered in 
detail. 

Configurations with coinciding magnetic and current density surfaces are obtained. The 
approach used is not well suited, however, to satisfying the additional MHD equilibrium 
condition of constant pressure on magnetic surfaces. 

1. Introduction 

In plasma physics the topology of magnetic f ields ' 
is of par t icular impor tance . The magnetohydro-
dynamic equ i l ib r ium equat ion for the current 
density j and the magne t ic field B, 

j x B = Vp , (1.1) 

requires that the field lines be confined to toroidal 
nested surfaces / = const, provided the pressure p is 
constant on 1 = const surfaces and has a finite 
normal gradient . 

It is well known [1], [2], [3] that the field line 
equat ions can be wri t ten as a one-dimensional time-" 
dependent Hami l ton ian system. An integrable 
Hamil tonian corresponds to the existence of mag-
netic surfaces. T h e a im of the paper is to explore to 
what extent the Hami l ton ian structure may be used 
to construct magnet ic fields with desired properties. 

In Sect. 2 the field line Hamil tonian is recapitul-
ated. It is shown that a magnet ic field with arbitrary 
magnet ic surfaces / = const can always be obtained 
f rom any sui table integrable Hamiltonian. The 
Hamil tonian alone de termines the rotational trans-
form / / ( / ) . The general axisymmetr ic field, a partic-
ular class of nonaxisymmetr ic fields with constant 
rotational t ransform, and the combinat ion of the 
two classes are considered in detail. 

The necessary equ i l ib r ium condition that the 
magnet ic surfaces and the current density surfaces 
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J = const coincide is discussed in Sect. 3, and appro-
priate configurat ions for the examples ment ioned 
are presented. In Sect. 4 it is a t t empted to satisfy all 
three components of (1.1). It turns out that the 
part icular Hami l ton ian app roach used is not very 
suitable for this purpose. Conclusions are given in 
Section 5. 

2. Magnetic Surfaces 

Let /•', r2, r3 be an arbi t rary nonsingular co-
ordinate system, such that r2 and r3 are a poloidal 
and a toroidal angle, respectively, with periodicity 
2 n. Covariant and contravar iant components of any 
vector A =A'e,- = AiVr' (with summat ion conven-
tion) are def ined by 

A, = A- e< and A' = A • Vr*, / = 1 , 2 , 3 , (2.1) 

respectively, where e{ = ör/Qr', r = posi t ion vector. 
The usual relations 

A' = gijAj , At^gtjAK 

gU = V/-'- VW, g u = e r e j , 

f g = ([Vr1 x Vr2] • V r 3 ) - 1 (2.2) 

will also be used. 
Let A be the vector potential of the magnet ic 

field B. The relation B = cux\ A, which implies 
div B = 0, in component nota t ion is 

ß 1 1 IdAi dA2 

]fg \ ör2 8r3 (2.3) 
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etc., with ß 2 , B3 f rom cyclic pe rmuta t ion of (2.3). 
To the vector potential A one can always add the 
gradient of an arbi t rary funct ion without changing 
B. This can be used to obta in = 0. With this 
gauge one obtains 

-1 QA3 _ 1 dA2 

dr1 
B2 = T T " . (2.4) 

f g 9/-1 ' f g 

If the angle r3 is used as a pa ramete r along the 
field lines, the equat ions for the field lines are 

& * Bl 

d/-3 B3 d/-3 B3 

The equat ions are equivalent to a one-dimensional 
t ime-dependent Hami l ton ian system [1], [2] if the 
following identif icat ions are made : 

t = r3 , (2.6) A2(r',r2, r3) , q = r2 

H = Ay (/•', /'2, r3) (2.7) 

(a confusion of the m o m e n t u m p with the pressure 
p ( f ) should not occur). Consider , for example, 
q = dH/dp. F rom (2.6) and (2.7) it follows that 

dA2 dA2 dr' 

dp dr1 dp 

and 

q = 
dA3 dA3 dr 

dp dr1 dp 

(2.8) 

(2.9) 

so that 

dr2 

dr3 

dA, / dA-

dr dr 

B2 

B3 = ^ (2-10) 

which is the second part of (2.5). The first part 
follows analogously. 

Hamil tonians H (/?, q, t) are always integrable in 
the sense that they possess, in general unknown, 
single-valued invariants IH(p, q, t), such that 

dIH dIH dIH 
= + + = 0 . (2.11) 

dp dq dt 

This follows f rom the fact that the initial values p0 

and q0 at t = /0 are related to p and q by a suc-
cession of local nonsingular canonical t ransforma-
tions [4], They therefore represent invariants 
I Hip. q. t). 

If p is replaced by -A2, (2.6). one obtains in-
variant surfaces / (/•', r2, r3) = const in conf igurat ion 
space: 

I nip. q. t) = lH{p{,\ r2. r3), r2. ,-3) = I (r\ r2, r3) .(2A2) 

These invariant surfaces are magnet ic surfaces. This 
follows f rom (2.5) (if it is assumed that B3 4= 0): 

0 / , S / , 6 / , 1 

In general, however, the invariant surfaces, apar t 
f rom being unknown, are unphysical because the in-
variants IH will not be (2 A p e r i o d i c and hence not 
single-valued in the angles r2 = q, /-3 = t. 

So. for a given magnet ic field its vector potential 
in the proper gauge defines a corresponding Hamil-
tonian system, but in most cases one cannot decide 
whether it is " t ruly" integrable, i.e. whe ther the 
field has single-valued magnet ic surfaces. It is 
possible, however, to reverse the roles of given and 
of desired quantities and to use the Hami l ton ian 
formula t ion for the construction of magnet ic fields 
with desired magnetic surfaces. This can be done in 
the following way: 

Two functions have to be specified to def ine the 
relation between the magnet ic field and the Hamil -
tonian system. As will be shown presently, one can 
choose a Hamil tonian H (/?, q, t) and the funct ion 
/ (/•', /-2, r3), which defines the magnet ic surfaces 
/ = const, provided an invariant IH(p,q, t) of H is 
known. Different Hamil tonians correspond to dif-
ferent magnetic fields but with the same magnet ic 
surfaces. Knowledge of t ime-dependent Hamil -
tonians with known invariant(s) has steadily in-
creased in recent years (see, for example , [5]-[8]) . 
Both the Hamiltonians and the invariants have to be 
such that the resulting magnet ic field is per iodic in 
r2 and r3. 

With H (p, q, t) given and an invariant IH(p, q, t) 
known, I H is equal to the desired funct ion / , 

IH(p, r2, r3) = /(/•', r2, r3). (2.14) 

This defines p as a function of r \ r2, r3 and hence 
defines the vector potential A2 = — p, (2.6). Fur ther -
more. f rom (2.7) one gets 

A3 (r1, r2, r3) = H(p (/"', r\ ry). r\ H) J ,2 ,.3\ „2 ,.3-, (2.15) 

so that Aj = 0. A2 and A3, i.e. the magnet ic field, is 
indeed determined by prescribing its magnet ic sur-
faces and a Hamil tonian with known invariant . 
Examples are given below. The me thod is only 
practicable provided (2.14) can be solved explicitly 
for p. This rules out Hamil tonians with invariants of 
too complicated structure. 
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It is also possible to express the vector potentials 
A, completely in terms of the magnet ic surface 
label I (instad of /•') and the angles r , r3. This follows 
f rom (2.14), which can be written as 

I„(-A2,,2,r3) = I (2.16) 

and defines A2 = Ä2 (I, r2, r3). Similarly, one has 

A3 = Ä3 (/, i2, i-3) = H(-A2, i2, r3), (2.17) 

where the tilde indicates the dependence on the 
surface label. The poloidal and toroidal fluxes &p 

and 0 , are then easily found: 

* , ( / ) = tfdr'dr^ B2 

= -jdr3Ä3(E r2,r3), 

0t(I)=\\dr'd,2]/jB3 

= § dr2Ä2(I, r2,r3). (2.18) 

It can be shown that the dependence of <t>p and 0 , 
on r2 and r3, respectively, is only apparent , as it of 
course must be. 

The rotational t ransform rj(I) is def ined by 

(2.19) 

where the pr ime denotes different ia t ion with re-
spect to /. It therefore follows that prescribing the 
Hamil tonian of a magnet ic field is equivalent to 
prescribing its rotational t ransform. We shall come 
back to this point dur ing and after the discussion of 
several examples. 

Example 1: axisymmetr ic fields 

In the axisymmetric case the Hamil tonian and the 
invariant surfaces are independent of t = r3. Hence, 
the Hamil tonian itself is an invariant: 

IH(p, q) = H(p, q). (2.20) 

One can choose any Hamil tonian H (p, q) and any 
desired function I (r\ r2) for the magnet ic surfaces 
/ = const and one immediately obtains the vector 
potential f rom 

H(—A2, i2) = I (/"', r2), A3 = I(r\t2). (2.21) 

For H (p, q) 2 ^-periodic in q the magnet ic field is 
automatical ly per iodic in i2, because the potentials 
are. According to (2.4) only the derivative dA2/d>A 

need be periodic. This also allows a more general 
dependence of H (p, q) on q. 

The magnetic field is obtained f rom (2.3), (2.4) 
and (2.21): 

B] = 
6 / 

B2 = 
- 1 6 / 

Yg ö/-2, " Yä ^ ' 

Vä \ f y I a ,«" ( 1 2 2 ) 

The magnet ic fluxes follow f rom (2.18) and 

H(-Ä2,,2) = I , Ä3 = I (2.23) 

which imply &p = - 2 n L Different ia t ion of (2.23) 
yields the rotational t ransform 

1(1) 
2 n 2 n 

(2.24) 

where dH/dp or B2 and B3 have to be expressed in 
terms of / and i2. By properly choosing H (p, q) the 
rotational t ransform may be given any desired 
dependence on /. 

Example 2: nonaxisymmetr ic shear-free fields 

We consider the special class of t ime-dependent 
Hamil tonians 

H{p, q, t) = pG (q, t ) , (2.25) 

where G is 2 7i-periodic in both arguments. In-
variants of H are assumed to have the form 

IH(p, q, t)=pK(q, t ) , (2.26) 

where K is also 2 7r-periodic in both arguments. 
/(/• ' , i2, r3) may again be arbi trary (2 7r-periodic). 

A trivial example of the combined structure of 
(2.25), (2.26), case A, is 

G (q, t) = C, (q) G2 ( / ) , K(q,t) = Gl (q), (2.27 A) 

where (7i and G2 are arbi t rary per iodic functions. 
Another, nontrivial example [5], [6], case B, is 

G(q, t)= 1 + [ w 2 ( 0 - 1 ] cos2 q , 

K(q, t) = 
1 

R2(t) 
cos2 q + (R cos q — R sin q)2, (2.27 B) 

where R (t) is an arbi t rary periodic funct ion and 

R 
a>2(t) = 

R4 R 
(2.28) 

Not very much is known about integrals of 
H = pG(q, t) where G is not related to cases A or B. 
Prel iminary results indicate, for example, that 
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generically K(q, t) contains infinitely many harmonics 
e'mq if G contains more than two of them. In 
numerical studies related to [9] using Poincare 
surface-of-section cuts, integrabili ty with per iodic 
invariants was found for "mos t" randomly selected 
funct ions G(q,t) in finite pa ramete r intervalls. 
Hamil tonians of type (2.25), chosen for their formal 
simplicity, are of a special type, the non-KAM type 
[9] (see Appendix) . This, however, does not affect 
the subsequent quali tat ive conclusions. 

F rom I = {pK)'=0 it is s t ra ightforward to 
derive the equat ion 

e G I 1 _ 
~dq~K 6~t~K~ 

(2.29) 

Combin ing (2.25), (2.26), (2.14), (2.15) and (2.3), 
(2.4), (2.29) yields 

B] 

B1 = 

B3 = 

J 1_/ dl_ dl_ 

y g ~ ~ K \ G ~ d ? + Ö/-3 

-1 G 6 / 

f g K dr] 

- 1 1 6 / 

f g K 6/-1" 
(2.30) 

As a consequence, the magnetic field is expressed 
completely in terms of arbitrary surfaces /(/*', r2, r3) 
= const, of G (r2, i-3) and of K (r2, r3). 

The rotational t ransform rj is found to be 

G 1 
q = § dr3— /§ dr2 — . (2.31) 

K K 

This is evidently independent of the surface I, so 
that Hamil tonians of type (2.25), (2.26) correspond 
to shear-free magnetic fields as approximate ly real-
ized in heliotron and stellarator conf igurat ions [10], 
Equat ion (2.29) ensures that q is a t rue surface func-
tion. 

For the special examples (2.27 A), (2.27 B) one 
easily obtains 

r, = (G2)/(\/G,>, (2.32 A) 

q = (\/R2), (2.32 B) 

where ( ) denotes the average with respect to r2 or r3. 

Example 3: axisymmetr ic shear-free fields 

This case, with 

H(p,q)=pG(q), (2.33) 

G (q) 2 ^-periodic, is a combinat ion of examples 1 
and 2. It is unnecessary to repeat the results for B' 
and q ( I ) which simply follow from (2.30), (2.31) by 
setting K (r2, r3) = G{i2, r3) = G{r2). Rather , the ex-
ample is chosen to direct attention to the following 
point which is relevant below: 

Looking for axisymmetr ic configurat ions with 
constant rotational t ransform q(P), one obtains f rom 
(2.18), (2.19) and (2.23) 

6 i 2 ( / , r 2 ) \ 
(2.34) 

(2.35) 

(2.36) 

(2.37) 

6 / / q 
which is satisfied by 

Ä2 ( / , r ) = - I M{r2) + iV ( / , r2), 

provided ( M ( r 2 ) ) = and 

(N{I, /-2)> = 0. 

With A2 — — p and H = / , one finally obtains 

j, / , 1 q) H (p, q) = p . 
M(q) M(q) 

This shows that H=pG(q) is far f rom being the 
most general Hamil tonian with constant rotational 
t ransform, (G = M - 1 ) . There is an arbitrary function 
N{H,q), apar t f rom condition (2.36), which yields 
all sorts of Hamil tonians with different structure. 
This is evidently a general result: If one picks an 
arbi trary class of Hamil tonians H{p,q,t), the 
rotational t ransform is fixed but, generically, the 
Hamil tonians selected are not the most general ones 
with the same q (7). 

3. Current Density Surfaces 

The M H D equat ion (1.1) implies that the mag-
netic fields discussed so far can only be in equi-
l ibr ium with a finite pressure gradient provided the 
currents are confined to the same surfaces / = const 
as the field lines are. 

The existence and propert ies of current density 
surfaces J = const can be treated, in principle, in the 
same way as that of magnet ic surfaces. The lines of 
current 

d ^ 

dr3 
7' dr2 

dr3 
J (3.1) 

may again be written as a conjugate pair of Hamil-
tonian equat ions provided div j = 0 and 

B, = 0 . (3.2) 
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While div j = 0 is automat ical ly satisfied with 
j = curl B, the second condit ion, which in the case of 
field lines is a s imple condit ion on the gauge of the 
vector potential , is nontrivial. In order to satisfy it, 
one has to abandon the arbitrariness of the co-
ordinate system: if one chooses rl as a funct ion of 
the surface label I only, and the surfaces r2, r3 = 
const orthogonal to / = const, i.e. 

g{2 = g13 o , (3-3) 

then B VI = 0 implies £ ' = £ , = 0. Such adap ted 
coordinates will be used in the following except 
where otherwise stated (examples 1 and 3 below). 

By analogy with (2.6), (2.7) the canonical co-
ordinates Q, P and the Hami l ton ian Hc will be 
def ined as 

P = - B2 (r1, r2, r3) , Q = r2 , t = r \ (3.4) 

Hc=B3(r\r2y). (3.5) 

B2 and B3 are not arbi t rary because magnetic sur-
faces have been assumed to exist. Nevertheless, the 
Hamil tonian system (3.4), (3.5) is still so general 
that the existence of invariant surfaces J = const is 
open. For this reason we again restrict fu r ther 
discussion to the examples 1 - 3 of the previous 
section. 

Example 1: 

In the axisymmetr ic case the Hamil tonian Hc is 
also independent of t, and HC(P, Q) itself is an 
invariant J H ( P Q ) • F r o m (3.5) and by analogy with 
(2.21) an invariant in conf igura t ion space is 

J(r\r2) = B3. (3.6) 

The equi l ibr ium condit ion that the surfaces of field 
lines / = const and of current density lines J = const 
coincide therefore requires that 

B3 = F{I), (3-7) 

where E(P) so far is an arb i t rary function. This 
condition also follows direct f rom j • V7 = 0,y = curl B 
and axisymmetry, which proves that it is valid for 
arbitrary coordinates to which we revert in this 
example and example 3. 

Equat ions (2.22) and (3.7) for the magnetic field 
can be combined into the classical form [11], [12] 

ß = [V/ x V/-3] + F(P) V/-3. 

F rom (3.7), the third of eqs. (2.22) and axisym-
metry one obtains 

1 1 61(r\r2) 
F(I) = 

V 7 g 
33 a H 

dp 

Sr1 (3.9) 

where 6 H / d p is to be understood at p = - Ä2(I, i2) 
or p = - A2(r], r2). Given H(p, q) and F(P), this 
differential equat ion determines the shape of the 
magnetic surfaces /(/- ' , i2) = const. It is unexpected 
that the magnetic surfaces are already de termined 
(up to free funct ions which appear in the integra-
tion procedure) f rom the condit ion that the current 
density surfaces coincide with / = const. In Sect. 4 
the relation with M H D equi l ib r ium surfaces will be 
discussed. 

From (2.24) and the poloidal average of (3.9) 
another relation may be derived, 

F(I) = 
n(i) <fg ^33/<ö//ö/-')> 

rj(f) <g*/B2> 

(3.10a) 

(3 .10b) 

which shows that F ( I ) is de te rmined by the shape 
of the magnetic surfaces and the rotat ional trans-
form. This relation is more general than (3.9) 
because it does not contain H (p, q) explicitly. It is 
therefore valid for all H (p, q) which have the same 
>/(/) (see Sect. 2, example 3). Relat ion (3.9 b) is 
useful in the discussion of flux-conserving tokamak 
equil ibria [13]. 

Example 2: 

From (2.30), (3.4) and (3.5), and keeping in mind 
the special coordinate system introduced above, one 
obtains 

P ^(giiG + gii) 

H c = - (#236 + #33) 

J 1 d / 

f g K d/-' ' 

1 1 d / 

(3.11) 

(3-12) 
K dr1 ' 

so that the Hami l ton ian for the current density may 
be written as 

HC(P, Q, t) = PT (P, Q, / ) , 

where 

(3-13) 

(3.8) 

q23G (>2, r3) + g33 
r ( p > Q> 0 = ~ r )i 3TT • ( 3 - 1 4 ) 922 G (r, rJ) + g23 
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T h e dependence of F on r1, r2, r3 is de te rmined by 
G (r2, r3) and the surfaces / = const. Inversion of 
(3.11) for /-' = /"' {P, r2, r3) leads to r (P, Q, t). In 
general , however, this cannot be done explicitly. 

In order to proceed fur ther , we consider the 
hypothetical case 

with F(7) arbitrary. As a final problem, G (r2, r3) 
has to be found such that not only does H = pG{q,t) 
have doubly periodic invariants but also 

033 ( 0 , 0 Hc=- P (3.21) 

f ( P , Q, t) = r(Q, t). 

As a consequence. 

//C(F, Q, t) = PE{Q, t) 

(3.15) 

(3.16) 

would have the same structure as H itself, viz. 
(2.25), and the results of Sect. 2 could therefore be 
appl ied to the current surfaces as well. 

The quest ion is, can condit ion (3.15) be sat isf ied? 
A sufficient, purely geometr ic condit ion is 

</23 = 0 (3.17) 

together with 

— g22 (/•', /-2, r3) = — <733 ('•', >2, r3) = 0 . (3.18) 

F r o m (dr)2 = gikdnJdrk it follows that the arc 
lengths Lp and L, of poloidally and toroidally closed 

G(Q, t)g22(Q, /) 

According to the experience gained in [9] this 
should be possible. 

This requires, however, that an explicit represen-
tation of the corrugated surfaces together with the 
proper coordinate system be at hand. 

Example 3: 

With G (r2, r3) = K(r2, r3) — G (r2) and (2.31) the 
relation (3.10 a) between F ( / ) and / becomes 

F(F) = ( l / G ) (3.22) 

coordinate lines r 
given by 

,.3 _ const and r\ r2 = const are 

< y 7 ^ 3 3 / ( 6 / / 0 / - ' ) > " 

On the other hand, for given F(F) and H = pG{q) 
the differential equat ion (3.9) may be integrated 
explicitly to give the family of magnet ic surfaces 

/ (/*', r2) = / ( /o( /* 2 ) + G (r2) c(r\ r2)) , (3.23) 

where / q ( ' 2 ) is an arbitrary per iodic funct ion, 

E p = § d r 2 y g Ü , L , = § d r 3 Y g T 3 , (3.19) 
c ('*', i'2) = J d/-1 f g g33, 

o 

respectively. Equat ions (3.18) therefore require that a n d t h e i n v e r s e o f / i s d e f i n e d b y 
the lengths Lp(r\ r3) and L, (r1, r2) be the same f rom 
one surface rl = I to the next. It should be possible 
to satisfy this requ i rement by the following scheme: 

Starting f rom a relatively smooth toroidal surface, 
the successive surfaces towards the inside are pro-
gressively corrugated, both in the poloidal and 
toroidal cross-sections, in such a way that the 
lengths of the coordinate lines stay constant. This 
procedure can be cont inued until the corrugated 
surfaces reach the magnet ic axis or close the hole of 
the torus. Obviously, there is considerable f reedom 
in the configurat ion, s temming f rom the arbi trari-
ness of the initial surface. It should be possible to 
select it such that the coordinate surfaces are 
mutual ly orthogonal in order to satisfy (3.17). 

Having "cons t ruc ted" nested sets of surfaces 
destined to become current density surfaces J = const, 
one is f ree to use them as magnet ic surfaces 
/ = const as well, setting 

/ " ' ( / ) = - J 
d / 

(3.24) 

(3.25) 
o P(P> 

The radial integration in (3.24) may be pe r fo rmed 
in, for example, orthogonal coordinates which are 
related to Cartesian coordinates x, y, z by 

x = R cos i3 , y = R sin r3, z = /•' sin r2, (3.26) 

where R = R0 — r1 cos r2, and R0 is the radius of the 
circular magnet ic axis. Wi th ]Tg = rl R, and g33 = 
\/R2 one obtains 

c(/- ' , r2) = 
cos~ r 

/•' cos i 2 + Ro ln ( 1 cos r 
Po 

J = F{I), (3.20) 

(3.27) 
For / - ' c o s r <R0, c ( r \ r 2 ) ^ ( i a ) 2 / ( 2 R 0 ) stays 
bounded. For / 70 and G 4= 0 the surfaces / = const 
are nested a round the magnet ic axis, bounded , and 
crowded together close to the axis of symmetry. 

Again, discussion of (3.23) is deferred to the next 
section. 
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4. M H D Equilibrium Pressure Balance 

In the last two sections we have ei ther derived or 
m a d e plausible the existence of configurations with 
coinciding nested surfaces /(/•', r, r3) = const of 
field lines and current density. This, however, is not 
sufficient for the existence of M H D equil ibria with 
surfaces of constant pressure. The coinciding sur-
faces imply (in arbi t rary coordinates) 

[ j x B ] = a ( r \ r 2 , r 3 ) V I , (4.1) 

where a(r\ r2, r3) depends on the details of the field. 
According to (1.1) however, with p=p{F), the 
funct ion a has to depend on the coordinates via 
/(/• ' , /'2, /-3) only: 

dp(I) 
a = 

d / 
(4.2) 

This yields an addi t ional condition. In axisymmetry 
it is the G r a d - S h a f r a n o v condition [11], [12] (4.4). In 
order to discuss the equi l ibr ium condit ion, we gain 
turn to the previously used examples. 

Examples 1 and 3: 

The first componen t of the equi l ibr ium relation is 

(Vp), f g i f B ' - f B 2 ) . (4.3) 

B} may be expressed in terms of F(l), (3.7), while 
all o ther quant i t ies may be expressed in terms of 
derivatives of / (/•', r2) via the first two of (2.22). 
The result is the Grad-Shaf ranov equat ion 

S V 8 61 

diA\]/~g g22 S'7 dr2\fggu ö>-2 

+ ] f g ^ + f g g 3 3 F ( i ) ^ j = o , (4.4) 

written here for arbi t rary orthogonal coordinates 
/•', r2, with r3 being the angle around the axis of 
symmetry. The two profi les p ( f ) and F ( I ) have to 
be specified in order to determine the magnetic 
surfaces /(/• ' , r2) = const. 

In Sect. 3, on the other hand, magnet ic surfaces 
have been de te rmined f rom H (p, q) and F(l) 
merely by the requi rement that the magnetic and 
current density surfaces be identical. The question is 
whether these / -surfaces" are always contained 
among the " ( /S - su r faces" (Grad-Shafranov) with 
some pressure prof i le /?( /) to be determined a 
posteriori. 

This can be tested in example 3 with the Bj-sur-
faces given explicitly in (3.23). Inserting / (r1, r2) in 
(4.4) yields 

d/ d/ 1 R (/ R) 

^ ( / o + C c ) + —} + F—— 
R21 /•' R 

G 
9/'1 \ R 

„1 \2 

ö r i J R ö/-2 Io+Gc) ' (4.5) 

where G(r 2 ) , 70 (r2) are the only f ree functions. 
Owing to the given dependence of the r.h.s. on /*', 
and there being no free funct ion of r' available, it is 
obviously impossible in general to turn the r.h.s. 
into a funct ion of /( /- ' , r2) alone by any nontrivial 
choice of G and 70. In consequence, it is impossible 
in general to proceed f rom i?/'-surfaces to GS-sur-
faces if the ^ / - su r f ace s are derived f rom an arbi-
trary pair of funct ions H (p, q), F(F). 

The reason for this result is easy to understand. If 
instead of the different ia l (3.9) its poloidal average, 
(3.10 a), is used to express F(F) in terms of / (/-', r2), 
the GS-equa t ion becomes an integro-differential 
equat ion for /(/• ' , r2). T h e profi le / / ( / ) has to be 
specified, with r j ( l ) = const in example 3. The 
solution /(/• ' , r2) in turn de termines F(F), (3.10 a), so 
that the different ia l equa t ion (3.9) finally serves to 
determine (dH/dp)~]. More precisely, since the 
averaged equat ion has already been satisfied, the 
poloidal variat ion Ö(dH/dp)~] is de te rmined , where 
6A = A - <A) . On the other hand, f rom Sect. 2, one 
has 

J 8 « \ _ l , 1 dN(H, q) 

dH 
(4-6) 

so that iV(/7, q) ^ 0 in general . This implies that the 
rotational t ransform profi le r](F) = const requires a 
more general Hami l ton ian than H = pG(q) if the 
configurat ion is to satisfy the Grad -Sha f ranov 
equation. This result is valid for o ther profiles ^ ( / ) 
as well: a par t icular Hami l ton ian H (p, q) which 
produces a desired rj{F) is in general not good 
enough to encompass a solution to the Grad -
Shafranov equat ion. 

It is of course possible to obta in axisymmetric 
M H D equi l ibr ia with desired p(P}, r j ( l ) without 
bothering about a Hamil tonian . As indicated above, 
(3.10 a), (4.4) combine into an integro-differential 
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equat ion for / which finally yields F(7) . The 
magnetic field follows f rom (3.8). This approach 
was used in [13] for the descript ion of "f lux con-
serving tokamaks" . Fixed toroidal and poloidal 
magnetic fluxes also encompass fixed rj{I). The 
integro-differential equa t ion was solved approxi-
mately in [13], but we shall not fur ther discuss it 
here. Incidentally, q(P) = const as in example 3 was 
assumed in [13]. 

Example 2: 

The part icular magnet ic and current density sur-
faces which were obta ined in Section 3 for this 
example were constructed starting inwards f rom 
a boundary surface /•' = iA0 = / = 5 (/-2, r 3 ) = const 
which also determines the coordinate system and 
the metric coefficients g'J(/•', r2, r3). The M H D 
equi l ibr ium condit ion, (4.1), (4.2), again requires 
that \jxB]i, which is a funct ional of F(7) , G (r2, r3), 
S( r 2 , r3), depend on / = r1 only. In view of the many 
terms which compose \ j x /?], (see (4.5) for the much 
simpler case of axisymmetry) it seems virtually im-
possible, however, to select G (r2, r3) and S (r2, r3) in 
such a way that the dependence on r2 and r3 com-
pletely disappears. This is part icularly so because it 
is probably only possible to give the g,j explicitly in 
terms of S(r2, r3) for special cases at most. 

In consequence, just as in the axisymmetr ic case, 
the Hamil tonian method with fixed Hami l ton ian 
and restricted magnet ic surfaces is unsuited in 
practice to proceeding fur ther f rom configurat ions 
with equal magnetic and current density surfaces to 
M H D equilibria. 

For the axisymmetric case configurat ions with 
coinciding ZFsurfaces and y-surfaces are given ex-
plicitly, while for the nonaxisymmetric examples it 
is shown qualitatively that a part icular type of cor-
rugation should make the B- and ./-surfaces coin-
cide. 

F h e step onwards from necessary equ i l ib r ium 
condit ions to a full equi l ibr ium solution, however, 
proves to be unfeasible. The reason is that in order 
to make the pressure be a surface function, H{p, q, t) 
should not be fixed a priori: the above-ment ioned 
f reedom in H for given q(P) is essential to satisfy 
the pressure balance. With the Hami l ton ian not 
fixed a priori, however, nothing is known about in-
variants of H in general, and the method used 
breaks down. This deficiency is not causally related 
to the well-known uncertainty whether nonaxisym-
metric equilibria exist at all. since it a l ready occurs 
in the axisymmetric case. It is unlikely that the 
situation is different for the Hamil tonian system in 
[3], which differs f rom the one used here in that , for 
example, the toroidal flux is treated as the canonical 
momentum. 

In spite of the shortcomings ment ioned, the 
Hamil tonian approach is nevertheless useful for the 
equi l ibr ium problem. In [14], for example , o ther 
aspects of this approach were used successfully to 
minimize deviations f rom a true M H D equi l ibr ium. 
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5. Conclusions Appendix 

The equat ions for magnet ic field lines are equiv-
alent to a Hamil tonian system. This has been used 
to obtain a representat ion of magnet ic fields in 
terms of their toroidal magnet ic surfaces I = const, 
which may be arbi t rary, and of arbi t rary Hamil -
tonians H (p, q, t) with appropr ia te invariants 
IH(p,q,t). The Hami l ton ian uniquely determines 
the rotational t ransform q{f) , but not vice versa. 
For the general axisymmetr ic field, for a par t icular 
class of nonaxisymmetr ic fields with constant //(F), 
and for the combina t ion of both classes explicit 
expressions are given for the magnet ic field B and 
for 7(7). 

It is easily seen that the Hamil tonian (2.25) is 
equivalent to a two-dimensional t ime- independent 
Hamil tonian system 

El [p\, Pi ,q\ ,qi) = P\ Gx ( t f , , q2) + p2 G2 (q\, q2) (A. 1) 

with G2 = 1. For Hamil tonians with arbi t rary 2n-
periodic G\, G2 one has 

0 2 H 0
 1 

det 
cp, dp, ) 

= 0 , (A.2) 

where H0 is any part of H. In this case the theorem 
of Kolmogorov, Arnold, and Moser (KAM) [15] 
cannot be applied. For numerical studies see [9]. 
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